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CE-SE SCHEME AND BOUNDARY CONDITIONS
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Abstract: CE-SE scheme is  new numerical  methodology  for  calculation  of  conservation  laws.  The  
concept and methodology of this method are significantly different from those in the well-
established  traditional  numerical  methods.  It  enforces  of  both  local  and  global  flux  
conservation in time and space. The unknowns are values and gradient in each mesh points  
SE. Thus, it is possible to build a method of the higher order of accuracy, which uses only  
unknowns from neighboring points. Space and time are unified in the current method. This  
article  describes the CE-SE scheme for 2D compressible flows. Further,  it  describes two  
types of  boundary conditions which are used for  computation of  inviscid flows in  GAMM  
channel. The results obtained with these two types of boundary conditions are compared with  
reference solution obtained with second order finite volume scheme on very fine mesh.

1. Introduction

   The CE-SE (Conservation Element – Solution 
Element)  was  developed  by  Dr.  Chang  of 
NASA Glenn Research Center. It  enforces of 
both local and global flux conservation in time 
and  space.  The  unknowns  are  values  and 
gradient  in  each mesh points  SE.  Thus,  it  is 
possible to build a method of the higher order 
of accuracy, which uses only unknowns from 
neighboring points. Space and time are unified 
in the current method.

2. Description of CE-SE for 2D

   We consider a flow of inviscid compressible 
fluid  described  the  system  of  the  Euler 
equations:

W t
∂F
∂W

W x
∂G
∂W

W y = 0          (1)     

p=κ−1[e−0.5ρu2
v2

]          (2)     

where  is  ρ the  density;  u  and  v  are  the 
velocity components along the x and y axis; e 
is  the  total  energy  per  unit  volume;  p  is  the 
pressure;  κ=1,4  is  the  Poisson's  constant. 
Vectors W, F, G are:

W=[ ρ ,ρu , ρv , e ]T                          (3)     

F=[ ρu , ρu2
p , ρuv ,epu ]

T
    (4)     

G=[ ρv , ρuv , ρv2
p ,epv ]

T
  (5)     

From Eq.1 we can get:

W t=−
∂ F
∂W

W x−
∂G
∂W

W y               (6)     

Fig.1 shows one CE elements ABCD and the 
SE  element  AEFC.  In  order  to  update  the 
solution in  SE element  [i,j]  we need four CE 
elements sharing the node [i,j].

Fig. 1: Position of CE and SE elements in 2D
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For the SE element we get from Taylor series 

expansion: x , y , t ∈SE⇒W x , y ,t =W i , j
n


W xi , j

n x−x i , jW yi , j

n  y− yi , jW ti , j
n t−tn .  For 

individual CE element we get from equation of 

conservation: ∬
An BnCnD n

W n
− ∬

A n1Bn1Cn1 Dn1

W n1

− ∬
A nBn A n1 Bn1

n F ,G− ∬
BnCnB n1Cn1

n F ,G

− ∬
Cn DnCn1D n1

n F ,G − ∬
Dn A nDn1 An1

nF ,G = 0 . 

For each CE we get a new value of W  in time-
step  n+1,  and  then  the  new  value  of  W  in 
corresponding SE element is:

 W i , j
n1

=

∑
i=1

4

∣CE i∣.W i

∑
i=1

4

∣CEi∣

            (7)     

Values of derivatives  W x
n1  and  W y

n1  in SE 

element  are  computed  using  a  central 
differences, see[1].

3. Computational results

     We demonstrate CE-SE method for two-
dimensional flow in GAMM channel. Geometry 

of channel is shown in Fig.2, where  Гuw  and 

Гdw  are up-wall and down-wall,  Г i  is inlet of 

flow to channel and  Гo  is  outlet  of channel. 

We  used  the  rectangular  mesh  with  150x50 
cells.

Fig. 2: Geometry of GAMM channel

Fig. 3: Mesh of GAMM channel 150x50

We look for solution for inviscid, compressible 
flows.  This  flow  is  described  with  Euler 
equations (Eq.1). We considere that the flow is 
subsonic. In our numerical scheme there aren't 
any  grid  points  on  the  border.  Instead,  we 
create ghost points (such as G1, G2, G3; see 
Fig.4, 5, 6) around the border which are mirror 
of points I1, I2, I3 with respect the border.
     We use standard boundary conditions at 
inflow and at outflow. At the inflow, we set the 
total pressure  po  = 1, total density  ρo = 1 and 
vertical component of velocity vo = 0. Pressure 
is  extrapolated  from  the  interior  and  the  all 
other  values  are  calculated  from  the 
isoentropic  relations.  We  prescribe  outlet 
pressure  p  =  0.843  which  corresponds  to 
isentropic Mach number M = 0.5. The all other 
variables are extrapolated from the interior. On 
the  wall,  we  use  two  types  of  boundary 
conditions:

1) In the first case we use impermeability 
condition  u.n=0 . It  is realized by the 
so-called  reflexion.  Spatial  derivatives 
at point G3 (see Fig.3), are set Wx = 0 
and Wy = 0.

2) In  the  second  case  we  use 
impermeability condition u.n=0  which 
is realized by the so-called reflexion as 
in  the  previous  case.  But  spatial 
derivatives  at  point  G3  are  obtained 
from those of point I3; see[2].  For the 
case of the wall in horizontal direction 
the solution in G3 is: 
W = [w1 ,w2 ,w3 ,w4 ]

wlG3=wlI3 l=1,2 ,4

wlG3=−wlI3 l=3

wlx G3 =wlxI3 l=1,2,4

wlx G3 =−wlxI3 l=3

wly G3 =−wlyI3 l=1,2,4

wly G3 = wly I3 l=3

Fig. 4: Ghost points 'inflow'

Г i

Гuw

Гdw

Гo
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Fig. 5: Ghost points 'outflow'

     

Fig. 6: Ghost points 'wall'

     We compare two schemes: the CE-SE and 
the  WLSQR  (Weight  Least  Square 
Reconstruction).  WLSQR  is  the  method  of 
higher accuracy developed by Doc. Jiří Fürst. 
This  method  is  based  on  a  finite  volume 
method and improves the accuracy of scheme 
of Godunov type which often suffers from low 
accuracy. The improvement is achieved by a 
reconstruction  procedure  based  on  least 
square method combined with data dependent 
weights  for  avoiding  interpolation  across 
discontinuities, see [3].
 The solution  obtained with WLSQR scheme 
has been achieved on unstructured triangular 
mesh with  24 206  elements.  The  mesh  was 
refined on down-wall of the GAMM chanel.

Fig. 7: Mesh for solution by WLSQR

Fig. 8: Cut out of right down corner of figure 7

Fig. 9: Distribution of Mach number on 
    the lower of GAMM channel

Fig.9 shows the comparison of  two cases of 
the  subsonic  flow  computed  with  CE-SE 
scheme  with  different  boundary  conditions 
(marked as 'type 1 BC' and 'type 2 BC') on the 
down-wall  and  the  case  computed  with 
WLSQR scheme. Horizontal axis shows length 
of channel  and the vertical  axis shows Mach 
number on the lower wall of channel.
     The distribution of Mach number has two 
minimas at x = 1 and x = 2, and one maximum 
at  x  =  1.5.  The  values  of  Mach  number 
computed  with  first  and  second  boundary 
conditions in these there points are:

1st type 2nd type

x = 1 0.360679 0.376027

x = 2 0.333449 0.360996

x = 1,5 0.643948 0.665051

  We  can  see  that  the  second  boundary 
conditions  gives  higher  maximum  Mach 
number.  Moreover,  the inlet  Mach number is 
closer  to 0.5 at  the inflow.  It  seams that  the 
second version of boundary conditions is more 
accurate.
  It  can  be  seen  at  the   figure  9 that  the 
reference  solution  obtained  with  WLSQR 
scheme  gives  maximum  Mach  number 
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0.698548 at x = 1.5 and two minimas M 
= 0.251735 at x = 1, M = 0.257745 at x = 2. 
Although it seems that the WLSQR scheme is 
much more accurate we have to emphasize 
that the results of CE-SE scheme were 
obtained with much coarser mesh and that the 
CE-SE scheme does not need any Riemann 
solver and is thereofore much simpler than the 
WLSQR scheme. 

4. Conclusion 
We have presented the CE-SE scheme for 

two-dimensional problems. A software for 
solution of inviscid, compressible flow in 2D 
channel has been developed. We have 
compared  two  types  of  boundary  conditions 
with respect to reference fine mesh solution 
obtained with WLSQR scheme . Results were 
satisfying. In the future we would like to use 
this scheme for the solution transonic flows. 
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